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ABSTRACT
Spectral Clustering is a popular clustering technique, which is es-
pecially e�ective for complex shaped data. One drawback however
is its high sensitivity to noise in the data. We present a new per-
spective on this issue by modeling the observed data as a latent
decomposition of pure data and corrupting noise. This decomposi-
tion can be learned either by relying on external information about
the quality of speci�c edges in the similarity graph or by directly
learning the latent spectral embedding in a noise-robust fashion.
Our tests on synthetic and real data show promising improvements
in clustering quality over other related approaches in many in-
stances. However, both algorithms still o�er room for improvement
in order to improve general robustness properties.

1 INTRODUCTION
Clustering is considered one of the most fundamental tasks in data
analytics/mining an machine learning [1, 14]. The core objective
of clustering is to divide a given dataset into subgroups such that
points belonging to the same subgroup are similar and points be-
longing to di�erent subgroups are dissimilar. In machine learning,
the clustering problem is also commonly referred to as one of the
most prominent examples of latent variable estimation (unsuper-
vised learning), whose main goal is to �nd hidden structure in the
data.

Since the concept of clustering itself cannot be associated with
one single algorithm, a number of di�erent approaches have been
developed over the past century [6]. Each of these algorithms has
its own set of strengths and weaknesses, relies on di�erent data
assumptions, and should be chosen depending on the task at hand.

One of the most prominent and successful approaches to clus-
tering to date is called Spectral Clustering [19]. The key idea of
spectral clustering is to construct an a�nity graph of the data (in
most cases, this corresponds to a N -nearest-neighbor construction),
whose spectrum (set of eigenvalues), is then used to transform the
data to a new vector space in which the data is easier to cluster.
The actual clustering is then performed in this new vector space by
using the widely known K-means algorithm [10].

However, despite its wide applicability, simplicity, and impor-
tance to data clustering, one key limitation of spectral clustering is
rarely addressed: it is highly sensitive to noisy data, which means
that even small amounts of noise can lead to large performance hits
in clustering quality. Since data collected in real world applications
is rarely free from noise, the development of robust methods plays
a key role in current machine learning research and hence also
requires noise-tolerant clustering techniques.

Data X A�nity graph A

Noise θ Corrupted graph Ac

True graph At

Spectral embedding H K -means

Figure 1: Proposedmodel fromRSC [3]. Thismodel assumes
true data, but tries to account for noise through a latent de-
compsition of the a�nity graphA = At +Ac , where the noise
is indirectly captured as part of Ac .
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Figure 2: Proposed model of this paper. This model assumes
assumes corrupted data X = Xp + θ consisting of pure data
and noise. After removing the noise, standard spectral clus-
tering can be used.

While there are di�erent ways of modeling data corruption for
clustering purposes, we intend to directly formalize our natural
intuition of decomposing the observed data into the (pure) data and
the corrupting noise. As we will see in Section 3, lots of current
robust spectral clustering techniques do not model the noise as
being part of the data, but rather as being part of the a�nity graph
(see example of such an algorithm in Figure 1). While this di�erence
might seem minor at �rst sight, it accounts for a number of di�erent
problems. Not only does this not directly correspond to the basic
intuition, but it also requires careful adaptations of the clustering
algorithm as a whole. In contrast, we model the noise as being part
of the observed data (see Figure 2). Therefore, we aim at learning
this latent decomposition before the a�nity graph is created. This
formulation more accurately corresponds to the original problem
we want to solve and also allows for standard (spectral) clustering
algorithms to be carried out on the pure data.

The remainder of this paper is structured as follows: we start by
introducing a few formal preliminary concepts in Section 2. Then,
we discuss related works in Section 3. Our algorithmic solution to
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the data-noise decomposition, being the main contribution, is then
outlined in Section 4. Consequently, we present a few experimental
results and discuss them as part of Section 5. We close with a brief
summary of the main results and an outlook for future work in
Section 6.

2 PRELIMINARIES
2.1 Notation
Large non-bold letters, like I ∈ N, denote integer-valued variables.
We use N and D to denote the number of observations and the
dimensionality of the data respectively; the number of clusters
is denoted by K . Matrices are denoted by large bold letters, like
M ∈ RI×J , where X ∈ RN×D denotes the observed data matrix
and θ ∈ RN×D the noise matrix. The transposition of a matrix
M is denoted by MT . Entries of a matrix M ∈ RI×J are denoted
mi j , referring to the entry at the i-th row and the j-th column. The
Hadamard product between two matrices M1 and M2 is denoted by
M1 ∗M2. The row-wise maximum of a matrix M can be reduced to
a vectorm and denoted by

m = max
per row

M =


max{m11,m12, . . . ,m1N }
max{m21,m22, . . . ,m2N }

...

max{mN 1,mN 2, . . . ,mNN }


.

Note that the row-wise minimum is de�ned analogously.

2.2 Spectral Clustering
As already brie�y introduced in Section 1 and thoroughly described
in [19], Spectral Clustering can be broken down into three succes-
sive tasks:

(1) Construct the a�nity graph of X represented as a sym-
metric adjacency matrix A ∈ RN×N

≥0 . This can either be a
fully connected (dense) or a reduced (sparse) graph. While
dense graphs naturally come with the advantage of extract-
ing the entire similarity information from the underlying
data, they are also more intensive to compute compared to
reduced graphs, which only consider local neighborhoods.
Quantifying the similarity of two points can be done using
kernel functions (the exponential or squared exponential
kernels are popular choices) or classical distance metrics
(the L1 or L2 norm are popular choices). A speci�c entry
in A, ai j , will then either correspond to the computed sim-
ilarity value between data point i and j , i.e. ai j ∈ R≥0, or a
binary value indicating whether the two points are similar
or dissimilar, i.e. ai j ∈ {0, 1}.

(2) Compute the Laplacian matrix L(A) and its K �rst eigen-
vectors. We introduce two popular Laplacian choices: the
unnormalized Laplacian matrix Lun(A) can be computed
as

Lun(A) = D(A) −A (1)

where D(A) = diag(d1, ...,dn ) with di =
∑
j ai j corre-

sponds to the degree matrix of A. In contrast, the (symmet-
ric) normalized Laplacian matrix Lsym(A) can be computed
as

Lsym(A) = D(A)−
1
2 Lun(A)D(A)

− 1
2 . (2)

Independent of the choice for the Laplacian type L(A) =
Lun(A) or L(A) = Lnorm(A), it is our goal to minimize the
ratio-cut in the a�nity graph A. An approximation to this
optimizing the ratio-cut/normalized-cut, can be obtained
by the following trace minimization problem

min
H ∈RN×K

Tr(HT L(A)H ) with HTH = I (3)

whose optimal solution is given by the �rst K eigenvec-
tors of L(A) stored as columns in H . Note that similar
minimization problems can be formulated for normalized
Laplacians, yet still the optimal H is still given by the �rst
K eigenvectors.

(3) Cluster based on H . The spectral embedding of each in-
stance i is given by the i-th row of H . The �nal clustering
result can then be obtained by executing K-means on H .

2.3 Robust Spectral Clustering (RSC)
In addition to standard spectral clustering, we are also introducing
the key concept behind Robust Spectral Clustering (RSC) [3], as we
make use of RSC as part of our proposed algorithms.

Unlike Spectral Clustering, RSC is able to handle noisy data by
modeling the assumption of a similarity graph corrupted by noise.
A key assumption of RSC is the fact that A can be decomposed into
a true A, denoted At , and a corrupted A, denoted Ac , where

A = At +Ac where At ,Ac ∈ {0, 1}N×N , symmetric. (4)

Further, RSC assumes that corruptions in the graph are relatively
rare (Ac is sparse), that the noise can be bounded by a maximum
noise value τ , that each node in At is connected to at least M , and
that the latent decomposition in Equation (4) can be learned jointly
with the spectral clustering process. The latter implies, that RSC
can directly rely on the Spectral Clustering objective to learn A and
At /Ac . The objective is then formally given by

(H∗,A∗t ) = argmin
H ,At

Tr(HT L(At )H ) with HTH = I (5)

where | |A −At | |0 ≤ 2τ and | |at,i | |0 ≥ M with i ∈ {1, . . . ,N }.
RSC therefore tries to optimize the spectral embedding H and

the true similarity graphAt jointly. This can be done using an alter-
nating block coordinate-descent optimization scheme. Intuitively
speaking, RSC therefore learns which nearest neighbor connections
it should keep and which ones it should drop. As we will see in
Section 4, we can use this feature of RSC to our advantage.

The general process of RSC is shown in Figure 1.

3 RELATEDWORK
Before we start with a detailed treatment of this paper’s main
contributions, we would like to shed some light on some of the
related research work going on in the �eld of robust clustering
methods. Note that a vast majority of the presented approaches
rely on the assumption of corrupted a�nity graphs.

Noise-robust spectral clustering techniques. Initial works on ro-
bust methods for spectral clustering focused on improving the
a�nity matrix through local similarity scaling which aims at de-
termining the used similarity measures per data instance [21]. Ex-
tending on this idea, [11] proposes to further introduce weighting
on these individual scalings. [9] explores smoothing of the Lapla-
cian matrix in order to capture the noise present in the underlying
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data, but requires a full eigendecomposition of the Laplacian. [13]
considers the presence of uniform noise in the data and proposes
a data wrapping technique which transforms noisy points into a
separate cluster distinct from the true observations. Yet another
idea for handling corruption is the detection and elimination of
noisy features [2, 8, 22]. As already discusses, [3] extracts good/bad
neighbor information from the similarity graph and jointly learns
the true graph and the corresponding spectral embedding. Further
ideas on making Spectral Clustering more robust are presented in
[4, 12, 15, 20].

Other noise-robust clustering techniques. Recently, [18] presented
a robust clustering technique called RCC which, just like our al-
gorithms, intends to move the data points in such a way that they
naturally coalesce into distinct clusters. While RCC does not di-
rectly make use of Spectral Clustering, it still tries to extract and
optimize a lower-dimensional latent embedding in combination
with the clustering through linear least-squares.

4 PROPOSED ALGORITHMS
In contrast to many other works, we do not consider a corrupted
similarity graph, but instead model the problem of noisy observa-
tions. Concretely, we assume that the data we observe, denoted X ,
is corrupted by noise and hence can be decomposed into the pure
data, denoted Xp , and the corrupting noise, denoted θ , which can
be related using the following equation:

X = Xp + θ . (6)

Our ultimate goal is to learn the noise matrix θ , such that we can
extract Xp from our observed data as follows

Xp = X − θ . (7)

Having obtained the pure data, we can then use ordinary Spectral
Clustering.

Note that our initial estimation for θ will be the zero matrix
0. In order to learn the latent decomposition from Equation (6),
we propose two di�erent algorithms: Repeated Robust Spectral
Clustering (RRSC) and Direct Embedding Optimization (DEO).

4.1 Repeated Robust Spectral Clustering
(RRSC)

The �rst algorithm we want to propose to learn the latent decom-
position de�ned in (6), is called Repeated Robust Spectral Clustering
(RRSC). As the name already suggests, this algorithm repeatedly ap-
plies RSC updates in order to good clusterings. As we have learned
in Subsection 2.3, RSC can provide us with estimations of the cor-
rupted and true edges, Ac and At , of the similarity graph A. While
At already re�ects parts of the true complete graph, Ac gives us
the edges which are noisy.

4.1.1 Objective. Our main goal is to adapt the edges in Ac in
such a way that they are no longer considered corrupted, thereby
denoising the complete graph. At the same time, we can make
use of At to stabilize the adaption of the edges stored in Ac . In
order to do this, we �rst need to formalize the notion of degree
of similarity. This can be done by constructing a similarity graph
based on Xp . We propose to construct a full similarity graph using
the Euclidian distance as a distance metric, which assigns small

Figure 3: Our objective is tomaximize the smallest corrupted
edge (red arrowed edge) and to minimize the largest true
edge (green arrowed edge).

values to close (similar) and large value to distant (dissimilar) data
points. In order to avoid confusion with other similarity matrices,
we denote this similarity matrix by S . AsXp is derived from a latent
decomposition (see Equation (7)), S has a dependence on the noise
θ . In the following we will reference to S using Sθ to re�ect this
dependence. Using Sθ in combination with the similarity matrices
from RSC, we can now quantify the similarity for each (corrupted
and true) edge.

Ideally, we want to push points connected through corrupted
edges further apart. At the same time, it is advisable to let the true
edges of a point that is moved due to a corrupted edge guide the
point to its correct position. This prevents the point from moving
too far, potentially even beyond the structure we want to detect.
We therefore propose a local optimization that can be done for each
point which is connected to any other point through a corrupted
edge. To increase stability, we consider only moving the closest
(best) corrupted edge and the most distant (worst) true edge. This
procedure is depicted in a simple example in Figure 3. Both edges
can be easily computed for all data points and stored as vectors
ac,b ,at,w ∈ R

N respectively.

ac,b = min
per row

[(1 −Ac ) ∗ σ + Sθ ]

at,w = max
per row

[At ∗ Sθ ]
(8)

While selecting the worst true edges is rather simple, selecting the
best corrupted edges is more challenging as we want to choose the
smallest value larger than zero and zero if there is no value larger
than zero. This can be done by inverting the binary values in Ac ,
scaling the remaining entries by a large constant σ and then adding
Sθ .

Finally, we aim at minimizing the di�erence between at,w and
ac,b , which implicitly tries to increase the values in ac,b and to
decrease the values in at,w . It is important to stress the fact that
these operations are only performed as part of the optimization
process when the point in question actually is connected to an other
point via a corrupted edge. Further, we do not allow the loss to be
negative. If both limitations would not be imposed (i.e. if a point
is only connected to other points via true edges), many true edges
would also be adapted on a continuous basis, which might cause
instability.

As we want to capture the noise as part of θ , we can tune θ
such that this di�erence is minimized, thereby transferring the
noise from X to θ . This leads to the following formalized objective
function:

Lθ = max{0,aTc (at,w − ac,b )} where ac = max
per row

Ac . (9)
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Lθ can then be minimized by using gradient descent with respect
to θ . Once Lθ is su�ciently minimized, we can then subtract our
current noise estimation o� the data and execute the same steps
again. The entire algorithm stops after a �xed amount of total
iterations.

As we originally assumed, just like RSC, that corruptions in
the data are sparse and small, we further limit the values in θ to a
�xed maximum value, denoted θmax. Omitting this restriction could
mislead the algorithm into overestimating noise values. While this
parameter can be considered a heuristic, we achieved good results
by setting it to 10% of the maximum value observed in X .

4.1.2 Normalizing Sθ . While Equation 9 formalizes our intu-
ition, large absolute di�erences in the values of Sθ might lead to
algorithmic instability. That is why we propose to use the nor-
malized entries of Sθ as part of our objective. Accounting for this
change, at,w and ac,b turn into

ac,b = min
per row

[(1 −Ac ) ∗ σ + Ŝθ ]

at,w = max
per row

[At ∗ Ŝθ ]
(10)

with Ŝθ = normalize(Sθ ) referring to the normalizing process in
which the largest value in Sθ is set to 1 in Ŝθ , the smallest value is
set to 0, and all other values are scaled respectively.

4.1.3 Early stopping. Due to the nature of RSC, corrupted edges
are also detected in situations where the clustering is already consid-
ered good or even ideal (i.e. the NMI is close to 1). As this might lead
to points being moved which we would consider as non-corrupted,
this behavior can lead to sudden changes in Sθ which in turn badly
a�ects the clustering process. Since clustering is an unsupervised
setting, we do not have access to the cluster assignments during
training. As a consequence, we are not able to compute the NMI
after every epoch to assess the performance of our model with-
out resorting to ground truth. Therefore, an additional measure is
needed to assess the performance of the model given its current
parameters.

Based on this problem, we propose to stop the algorithm when
RSC only detects corrupted distances which are almost 0 in the
embedding space H . This happens when the spectral embedding
shows highly distinct, concentrated clusters, usually leading to
good clusterings.

4.1.4 Objective aggressivity. While the presented objective func-
tion performs well on low-dimensional data with small to medium
amounts of data points, only optimizing the relationships between
minimum and maximum edges can be considered too weak as too
little movement is generated. Therefore we further propose a more
aggressive objective by averaging distances over true and corrupted
edges. Hence, the objective turns into

Lθ = max{0,aTc (at − ac )} where ac = max
per row

Ac (11)

with

ac = avg
per row

[Ac ∗ Sθ ] and at = avg
per row

[At ∗ Sθ ]. (12)

A more formal de�nition of RRSC (using the min/max loss from
Equation (10)) is described in Algorithm 1.

Read data into X ;
De�ne θmax,σ ,K ;
θ ← 0;
forall epochs do

Xp ← X − θ ;
Ac ,At ,H ← RSC(Xp ,K);
ac,H ← edges_in_embedding(H ,Ac ,L1) ;
if max(ac,H ) ≤ 10−15 then

break;
end
S ← a�nity_graph(Xp ,L2);
Ŝ ← normalize(S) ;
ac ← max(Ac ,axis = 0);
aд,w ← max(At ∗ Ŝ,axis = 0);
ac,b ← min((1 −Ac ) ∗ σ + Ŝ,axis = 0);
L ← max{0, transpose(ac ) · (aд,w − ac,b )};
forall gradient descent iterations do

Execute gradient step to minimize L with respect to θ ;
θ ← max(θ ,θmax) ∀ θ ∈ θ ;

end
end
Execute spectral clustering on X − θ ;

Algorithm 1: The RRSC algorithm.

4.2 Direct Embedding Optimization (DEO)
While we already presented an attractive idea of how to learn
noisy clusters with Repeated Robust Spectral Clustering, RRSC only
serves as an approximation to a higher goal we would like to achieve:
learning the spectral embedding directly from noisy data instead
of relying on external information about true and corrupted edges.
Recall the basic workings of Spectral Clustering from Subsection 2.2.
The main objective is given by the trace minimization problem in
Equation (3). Our goal in Direct Embedding Optimization (DEO) is to
optimize this trace value by tuning the noise matrix θ accordingly.

Again, we �rst construct a full similarity matrix Sθ of the data. In
contrast to RRSC however, we intend to assign large values to close
(similar) and small values to distant (dissimilar) data points. Note
that we will normalize the distances, similar to RRSC. If desired,
the resulting graph can further be reduced to a K-nearest-neighbor
graph by selecting the top-K values from Sθ per row. After com-
puting the degree matrix from Sθ , we can then derive both the
unnormalized and the (symmetric) normalized Laplacian matrices.
Recall that the spectral embedding is then given by the �rstK eigen-
vectors of the Laplacian, i.e. the eigenvectors corresponding to the
K smallest eigenvalues. The �nal objective function is then given
by

Lθ = Tr(HT L(Sθ )H ). (13)

Lθ can then be minimized by using gradient descent with respect
to θ . Once Lθ is su�ciently minimized, we can then subtract our
current noise estimation o� the data to execute spectral clustering
on the pure data. Note that the maximum noise value is again
capped by θmax.

A more formal de�nition of DEO is described in Algorithm 2.
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Read data into X ;
De�ne θmax, reduce,K ;
θ ← 0;
Xp ← X − θ ;
S ← a�nity_graph(Xp ,L2);
Ŝ ← normalize(S) ;
ŝ ← e−ŝ ∀ ŝ ∈ Ŝ ;
if reduce then

Ŝ ← top_k(Ŝ,K);
end
D ← degree(Ŝ);
Lun ← D − Ŝ ;
Lsym ← D−

1
2 LunD

− 1
2 ;

e,V ← eigen_decomp(Lsym) ;
H ← �rst_columns(V ,K) ;
L ← Tr(HT LsymH );
forall gradient descent iterations do

Execute gradient step to minimize L with respect to θ ;
θ ← max(θ ,θmax) ∀ θ ∈ θ ;

end
Execute spectral clustering on X − θ ;

Algorithm 2: The Direct Embedding Optimization algorithm.

Table 1: The datasets we used for assessing the performance
of our models.

Type Name N D Classes Source

Synthetic Two moons 600 2 2 [17]
Three moons 900 2 3 [3]

Real

Iris 150 4 3 [7] [5]
Banknote 1372 4 2 [5]
Pendigits 7494 16 10 [5]

USPS 9298 256 10 [16]

5 EXPERIMENTAL RESULTS
5.1 Datasets and general setup
In order to adequately assess the performance of both algorithms
presented in Section 4, we carried out a couple of tests on synthetic
and real world data. The used datasets and their key properties
are de�ned in Table 1. As a general performance measure for the
clustering quality, we report the Normalized Mutual Information
(NMI) for these data sets. In terms of runtime, we observed quadratic
runtime in the number of data points for both algorithms.

Note that both algorithms are trained via gradient descent with
a learning rate of 0.01 and a maximum of 1000 steps per epoch. The
overall results are given in Table 2.

5.2 RRSC
The main RRSC results are given in Figure 4 and Figure 5. Note that
for the two moons dataset we make use of Equation (10), while we
make use of Equation (11) for real world data sets as the respective
loss functions.

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

3moons
iris

banknote
pendigits

USPS

Figure 4: NMI scores for di�erent data sets with the RRSC
algorithm over 10 epochs. We can see that RRSC is clearly
able to learn the latent noise in the data since it achieves
higher NMIs.

Table 2: Overall best NMI results on the datasets from Ta-
ble 1.

Dataset SC RSC NRSC AHK RRSC DEO

Three moons 0.55 1.0 0.99 0.57 1.0 0.55
Iris 0.78 0.80 0.79 0.53 0.80 0.86

Banknote 0.46 0.61 0.47 0.52 0.61 0.61
Pendigits 0.80 0.80 0.83 0.80 0.80 0.80

USPS 0.78 0.85 0.83 0.77 0.78 0.78

As one can easily observe from Figure 4, the �nal NMI is either
better or the same as the initial estimation from Spectral Clustering
and closely aligns with the RSC result. However, we also noticed
some examples in which RRSC was not able to improve the NMI
score, but instead showed degrading performance. In order to ad-
dress this, we looked at a couple of di�erent additional metrics,
such as

• the amount of change in the similarity matrix Sθ
• minimum, maximum, and average corrupted edge lengths

in the embedding space
• and minimum, maximum, and average corrupted edge

lengths in the data space.
Sadly, we were not able to �nd a strong correlation between any
of these metrics and the reported NMI. While some metrics often
provided good estimates for potentially stopping the algorithm
early, they also failed in other situations with only slightly di�erent
data.

5.3 DEO
The main DEO results are given in Figure 6. The results reported
so far give a mixed overall picture. Most interestingly, the results
reported on real world data show good NMI values, but DEO seems
to fail on the moons datasets.

In order to further study this behavior, we considered
• switching between unnormalized and normalized Lapla-

cian matrices
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Figure 5: RRSC applied to the two moons dataset (600 datapoints) with di�erent noise values over a maximum of 10 global
iterations. The �rst row shows the �nal Spectral Clustering result on the learned pure data Xp , while the second row shows
the evolvement of the spectral embeddingH . The last row quanti�es the performance by showing the NMI evolvement. While
higher noise values naturally also pose a challenge to RRSC, we can see that RRSC is able to handle fair amounts of noise
pretty well.

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

Figure 6: NMI scores for di�erent data sets with the DEO al-
gorithm with 10 · 1000 gradient descent steps. DEO performs
well on real world data, but relatively bad on the moons
dataset.

• using di�erent ranges for the eigenvectors selected from
the Laplacian

• and �xing H between epochs via discrete updates.

So far, none of these adaptations however provided consistent im-
provements to the algorithm. In addition, we encountered numerical
issues in some instances, which we were not able to fully eliminate.

6 CONCLUSIONS AND FUTUREWORK
As part of this paper, we have introduced a new approach of de-
composing observed noisy data into pure data and corrupting noise.
We have introduced two algorithms which are able to learn this
latent decomposition. Repeated Robust Spectral Clustering (RRSC)
achieves this by relying on the good and bad edges information
provided by RSC in order to move points connected by a corrupted
edge further apart while at the same time keeping the points rela-
tively close to their true neighborhoods. As part of RRSC, we have
presented two di�erent loss functions which either provide smooth
but slow improvements or faster bust less stable ones. In contrast,
Direct Embedding Optimization (DEO) aims at learning the spectral
embedding directly from the data.

While the results provided by RRSC already outperform popular
spectral clustering techniques in most cases, we still need to further
explore additional early stopping criterions for RRSC. Also, we
will need to revisit the DEO approach as it still shows inconsistent
results at the current point in time. However, we are con�dent that
the general direction for this idea is promising and will further
investigate algorithmic optimizations to this approach in the future.
At the moment, both algorithms are not making use of sparse
matrices, which we want to incorporate to improve runtime and
memory usage.
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